Abstract: On the basis of the relationship between charge dimensionality and singular field behavior, it is proven that in a volumetric description of a volume current carrying topology, half rooftops of different binary hierarchical level are allowed without introducing numerical difficulties. This opens the possibility to use a very efficient multilevel hierarchical meshing scheme in a volumetric method-of-moments (V-MoM) algorithm. The new meshing scheme is validated by numerical calculations and experiments. It paves the way toward a much more efficient use of MoM in the description of arbitrarily shaped nanostructures at infrared and optical frequencies.
Introduction
In the last decade, the study of the interaction between light and nanostructures has drawn a lot of attention from both the physics and the engineering communities. Topologies very familiar to microwave antenna designers, like monopole [1] , dipole [2] , and Yagi-Uda configurations [3] , are extensively studied at optical frequencies since their characteristics at microwave and optical frequencies are similar. This similarity can be used to speed up the design of such structures in the optical range.
However, there exists a fundamental difference. At microwave frequencies, the skin depth of the metals used is extremely small compared with the dimensions of the structure: several orders of magnitude. This means that they can be treated as structures carrying 2-D surface currents, and the concept of surface impedance can be adopted. On the other hand, at optical frequencies, the skin depth is comparable with the thickness of the nanostructures. Consequently, the current flowing in the structure is a 3-D one. Any modeling scheme considered for these structures has to cope with this.
The traditional numerical techniques used in the microwave community are now being explored in the field of nanotechnology. Although most researchers use the differential approach, for example FDTD in [4] - [6] , several great advantages of the method of moments (MoM) in comparison with the FEM and FDTD method should not be ignored. The first one is that only the current carrying components have to be discretized. The complex environment, which may include multilayered substrates, is taken into account via Green's functions. The discretized components are modeled in terms of equivalent currents. These currents fill completely all metal/dielectric volumes, and the boundary conditions are satisfied in an average sense inside these volumes, on surfaces, or lines, depending on the selected testing procedure. The result is that MoM is intrinsically faster than the two other methods. The second advantage of the MoM technique is that, if properly formulated, it is variationally stable since most of the output parameters are expressed in integral form over the equivalent currents. As a consequence even if the calculated currents differ considerably from the exact solution, integral parameters over both currents may remain very similar. Further, this will be illustrated by showing that even with a rather rough mesh high-quality physical results may be obtained. A third advantage is that MoM does not heavily suffer from field singularities near sharp edges, since they are analytically incorporated inside the Green's functions. For the FEM and the FDTD method, special care (¼fine mesh) should be taken to correctly describe these field singularities [7] . For these reasons, there are a few groups that have used the MoM to solve the integral equations describing the structure [8] - [11] . It can be proven that MoM can be implemented in a very efficient way for plasmonic nanostructures [12] .
The modeling group around Martin [8] , [9] uses surface integral equations, where the boundaries of the plasmonic structures are discretized. This is a classical technique, well known in the microwave community. Another possibility is to use the volumetric equivalence principle. The nanoparticles are replaced by the equivalent induced electric polarization currents, and the volumetric integral equations describing the structure are subsequently solved by the MoM. As a consequence of the fact that only surface currents have to be described at the microwave frequencies, this technique is rarely used in the microwave community. To the knowledge of the authors, this approach was introduced to the plasmonics community in [11] and [12] .
At microwave and millimeter wave frequencies, in a MoM algorithm the surface current is modeled with subdomain basis functions defined over two adjacent segments, i.e., a full rooftop is formed out of two half rooftops in a seamless manner. It is impossible to work with the half rooftops separately, since this would invoke the appearance of unphysical line charges accumulating at the segment boundaries, consequently introducing singularities in the induced electric field. It can be shown that this seriously compromises the stability of any MoM implementation.
In this paper, volumetric MoM (V-MoM) is considered. Three-dimensional full rooftops are introduced as a natural extension of their 2-D counterparts. However, half rooftops are used as well. In V-MoM, their use is permitted because 3-D half rooftops do not generate line charge densities but surface charge densities, which do not cause any singularities. This observation is the core point of this paper. Moreover, on the ground of this observation, it is worthwhile to investigate the possibility of using half rooftops in a hierarchical meshing scheme, making use of smaller and smaller hexahedral or tetrahedral blocks, in order to describe the details at the boundaries of complex 3-D structures with a higher resolution. It will be proven that this boosts the computational efficiency of the MoM implementation considerably.
This work is organized as follows. First, we briefly overview the well-known relationships between the dimensionality of a charge density and the (possibly) singular behavior of the induced electric field and the stored electric energy density. The line of reasoning given clearly explains why half rooftops cannot be used at microwave and millimeter-wave frequencies. The observation that, in the case of structures at IR and optical frequencies, a volumetric current description can be used, is the basis inspiring the idea of using half 3-D rooftops to construct a very efficient hierarchical meshing scheme. In order to validate the new meshing scheme, two structures are studied: a socalled Ring Near Disc Cavity (RNDC) structure and a Plates-Wire (PW) structure. The RNDC is analyzed in the far field by both MoM and FDTD with different meshes. The charge and electric field distributions of the PW structure are studied with MoM. Numerical calculations are compared with measurements.
Charge Density and Electric Field Behavior
In general, the electric field can be expressed in terms of a scalar potential and a vector potential A. In the frequency domain, with the Lorentz gauge imposed, the electric field in free space is
where ! is the angular frequency. The vector potential in free space due to a current J is
with gðr; r 0 Þ the free space Green's function ðe Àjk jr Àr 0 j =4jr À r 0 jÞ, with the wavenumber k , and r and r 0 the observation and source point. Equation (1) is integrated over the source region S 0 . Substituting (2) into (1) and using standard mathematical manipulations, for example interchanging the order of the integral and the gradient, we arrive at
Note that the integral in the last term of (3) is conducted over the (closed) boundary B 0 surrounding the source region, which is one dimension lower than the integral domain of the first two terms. n is the unit vector normal to the boundary B 0 .
represents the charge accumulation on the boundary due to the normal current arriving there. The general expression for the contribution of a charge to the scalar potential can thus be written as
where the source domain can be 3-D, 2-D, 1-D, or 0-D (a point), depending on the situation. An overview of the type of source current and the type of boundary charge can be found in Table 1 .
When an observation point approaches a source point, the Green's function factor in (4) reduces to
This represents a singularity of order 1. This means that in the general expression (4), an integration over a surface is necessary in order to keep the scalar potential and, thus, the energy stored in the electric field generated by the charge, finite in the immediate neighborhood of the source. Consequently, both for a point charge (no integration) and for a line charge (1-D integration), the electric field is singular, and the electric energy density goes to infinity in the neighborhood of the source region. In classical electrodynamics, this is an unphysical situation which cannot occur in practice (see Table 2 ).
Use of Half Rooftop Basis Functions
The last observation of the previous section can be considered a physical reason why, for 2-D surface currents, 2-D half rooftop basis functions must always be defined in pairs to form full rooftop basis functions. In this way, the singularity generated by the line current accumulating at the current carrying side of the half rooftop is rigorously compensated by an opposite singularity due to the connected half rooftop. Pairing half rooftops with different sizes (see Fig. 1 ) is also forbidden. Also, in this case, unphysical line charges accumulate, leading to unphysical singularities in the field and electric energy densities. At IR and optical frequencies, the skin depth is of the same order as the thickness of the nanostructures, which is normally around a few tens of nanometers. This makes the nanostructures 3-D current carrying structures. Consequently, the physical reason that prohibits use of half rooftops at lower frequencies is not there any more. The surface charges resulting from 3-D half rooftops do not generate any physical anomalies. This observation was the main inspiration for the idea to investigate a hierarchical use of 3-D half rooftops in a binary scheme; see Fig. 2 . At the edges of a structure, the actual boundary is reconstructed with an increased resolution by adding blocks, where necessary, that are half the size of the blocks of the previous level. In Fig. 2 , for example, there are three levels. The blocks of level 1 are used throughout the interior of the structure. At the Types of singularity for different charge dimensionalities. r is the distance to the charge on B which has to be considered in the limit to zero 
Numerical Results
In this section, the proposed technique is illustrated and validated for two nanostructures: RNDC [see SEM in Fig. 3(a) ] and PW [see SEM in Fig. 3(b) ]. The new meshing scheme was implemented within our in-house developed MoM tool MAGMAS [13] - [16] . The validation is also achieved through a comparison with the FDTD solver Lumerical [17], which is widely used in the optical and photonics research community.
RNDC
This structure was first described in [4] and first analyzed with a coarse MoM mesh in [12] . The parameters defining the geometry are tabulated in Table 3 .
The structure is made of gold and is situated on top of a glass substrate with refractive index 1.5. As a consequence of the etching process, the sidewalls of the structure are 20
slanted. In the experiment, transmission spectra were taken with a Fourier transform infrared (FTIR) microscope (Bruker Vertex 80v þ Hyperion). The incident light from a tungsten lamp is focused on the sample via a 15 magnification, NA ¼ 0:4 reflective Cassegrain condenser and collected in transmission with an identical objective. This type of objective creates a light cone with angles between 9.8 and 23.6 impinging on the sample surface. The resulting k-vector spread leads to an experimental angle of incidence, which is not uniquely defined. The transmitted light is then polarized, spatially filtered with a metal knife edge aperture, and detected with a liquid nitrogen cooled mercury-cadmiumtelluride (MCT) and Si diode detector. All spectra are normalized with respect to a reference spectrum taken on the bare substrate under identical conditions [18] . In the FDTD simulations with Lumerical, the structure is modeled with 2.5 nm side cubes within a 2:5 Â 2:5 Â 0:75 m box. The far field boundary condition is a Perfectly Matched Layer (PML), ensuring a negligible reflection. The excitation is a plane wave. The extinction cross section is calculated by Lumerical using the built-in applet. It is worth noticing that the 20 slanted side walls are also considered in Lumerical. In MAGMAS, a plane wave is used as excitation. Two meshes are used, i.e., a coarse uniform one and a fine one; see, Fig. 5 shows the extinction cross section of an isolated single disk, excited by horizontally polarized (X polarized) light from the bottom. A similar behavior is observed for Lumerical, MAGMAS meshes 1 and 2, and measurements. A noticeable kink appears at short wavelengths around 700 nm for mesh 1. This is due to the fact that mesh 1 gives a poor description of the circumference of the disc. Further, there are two differences between the FDTD and MoM simulations. The first one is that the FDTD simulation is blue-shifted with respect to the MoM one. The second one is that the width of the peak in the FDTD simulation is broader than the one with MoM. Both facts can be explained by the slanted edges, and not taken into account in the MoM solver. Fig. 6 depicts the extinction cross section of an isolated ring structure illuminated by X polarized light. Meshes 1 and 2 are used in the MAGMAS simulations. At short wavelengths, all simulations agree with each other. At long wavelengths, a discrepancy appears between the simulations and the measurements.
It is absolutely crucial to point out the following. In case the hierarchical meshing is performed in an improper way, erroneous results may occur. This is illustrated in Fig. 8 where an unphysical 
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V-MoM and Building Blocks for Nanotopologies spike occurs around 900 nm for a mesh 3 given in Fig. 7(a) . In Fig. 7(a) , the medium-size block marked in blue is not paired with the two smallest size blocks (light blue), as in Fig. 7(b) . The resultant erroneous spike does not occur for meshes 1 and 2, nor in the Lumerical results (see Fig. 8 ). The relation of this spike with the characteristics of mesh 3 was investigated in more detail. The charge distribution on the top surface and the induced electric current evaluated at three fourths of the height are shown at 900 nm (330 THz) for mesh 2 and 3 in Fig. 9(a)-(d) . In Fig. 9(a) , the expected dipolar mode is clearly seen in the distributions. However, for mesh 3, this dipolar mode is seriously distorted by local erroneous charge accumulations, as can be seen in Fig. 9(b) . The problem can easily be explained by looking at the set of blocks in the red circle in Fig. 7 . It is seen that the level 2 block there has a boundary surface (the one at the right), which is only partially exposed to the outside. The other part is covered by a block of level 3. Since, physically, there are no surface charges inside the volume, this means that the surface charge generated by the half rooftop corresponding to this right surface has to be compensated by the surface charge of the half rooftop of the level 3 covering block. At the same time, this half rooftop has to model the surface charge that is physically present at the part exposed to the outside. This set of two contradictory requirements causes the unphysical charge distribution wherever such a situation occurs. In mesh 2, this problem does not occur since boundary surfaces are either completely exposed or not exposed to the outside.
In Fig. 10 , the response of the total RNDC structure excited by X polarized light is given. At short wavelengths, all meshes give more or less the same result. A slight deviation from the measurements can be seen. In the middle range, all the simulations show good correspondence, also with the measurements. At long wavelengths, starting around 800 nm, the coarse mesh starts to loose track compared with the other two simulations. Lumerical and mesh 2 keep matching the measurements up to 1000 nm.
For Y polarized light (see Fig. 11 ), all the simulations show a good correspondence at short wavelengths. Starting around 850 nm, the measurement starts to deviate from the simulations.
Last but not the least, discrepancies between simulations and experiments are observed in Figs. 5, 6, 10, and 11. To explain these differences, we have to notice that the experimental dimensions of the nanostructures are estimated from the SEM images, and it is difficult to obtain these with an accuracy better than 10 nm. Moreover, it is a well-known fact that the material properties at the surface of the gold nanostructures can deviate from the bulk values due to surface defects and grain boundaries. Spectral shifts and fluctuations in absolute extinction cross section can easily be explained from this. Again, imperfect fabrication processes cause problems. For example, the larger discrepancy between Y and X polarization in Figs. 10 and 11 could directly result from a small asymmetry in the disk and/or ring particle. Therefore, the overall spectral shape of the measurements should correspond to the simulated spectra, not necessarily the exact spectral position of the resonances.
PW
The PW structure is made of gold on top of a SiO 2 /Si substrate. The parameters defining the geometry are listed in Table 4 . In the experiment, its near-field behavior is captured by Second Harmonic Imaging Microscopy (SHG microscopy) [19] - [22] . SHG microscopy is performed with an LSM 510 META scanning confocal microscope from Zeiss. The light source for this microscope is a femtosecond pulses Ti:Sapphire laser at a wavelength of 800 nm. The laser passes through a dichroic mirror (HFT KP650) and is focused on the sample surface by an alpha PLAN-apochromat TABLE 4 Parameters defining the structure Fig. 12(a) . (c) X polarized light with mesh of Fig. 12(b) . (d) Y polarized light with mesh of Fig. 12(b) . (e) X polarized light with mesh of Fig. 12(c) . (f) Y polarized light with mesh of Fig. 12(c) .
100Â oil objective with numerical aperture of 1.46. After frequency conversion by the nanostructures, the second harmonic 400 nm light is separated from the fundamental 800 nm by reflection on the dichroic mirror. Further filtering is ensured by a short-pass filter (KP 685) before collection by a photomultiplier tube.
In MAGMAS, the structure is modeled by a coarse mesh, a hierarchical mesh with three levels, and a uniform fine mesh; see Fig. 12 . In the simulation, the structure is built on a layer of SiO2 with 100 nm thickness on top of a half space of Silicon substrate. The other half space is air. The structure is illuminated by X (horizontal) and Y (vertical) polarized light.
Measurements obtained with SHG microscopy are given in Fig. 13 . Two hotspots are observed in each plate. For the X polarization, the hotspots align along the horizontal direction. For the Y polarization, they align along the vertical direction. Moreover, the vertical wires brighten up when excited by the X polarized light, while the horizontal wires brighten up when excited by the Y polarized light.
The surface charge distributions simulated by MAGMAS and the resultant electric field distributions are shown in Figs. 14(a)-(f) and 15(a)-(f) , respectively. For all meshes in Fig. 12 , on the connection wires, X and Y polarized light drives positive and negative charges away from each other. They accumulate at the edges of this nanostructure. The charges form dipole-like distributions, in this way exciting the hotspots seen with SHG microscopy. On the plate, the relatively large size allows the propagation of a surface plasmon, which subsequently forms a standing wave pattern due to the finite size of the structure. On the plates, as shown in Figs. 12 and 13, due to the rough staircase modeling with the coarse mesh, the surface charge distribution and the induced electric field show unphysical sharp peaks at the circumference and in the corners between connection wires and plates (see red circles in Figs. 14 and 15) .
In order to further compare the uniform fine mesh [see Fig. 12(c) ] and the mesh with three levels [see Fig. 12(b) ], we make a cut at the position of the blue arrows in Fig. 12(b) in the bottom plate and plot the variation of the electric field along the horizontal axis in Fig. 16 . Both Fig. 16(a) and (b) show that in the center of the plate the electric fields resulting from different meshes almost coincide with each other, but at the boundaries, they show some minor differences, which is the direct result of describing the boundary with blocks with different sizes. The number of unknowns, the memory cost, and the computational time, for the three meshes, are given in Table 5 . It is clearly seen that the mesh in Fig. 12(c) generates the largest number of unknowns, i.e., 26 192, leads to the largest amount of memory, i.e., around 11 Gigabytes, and takes the longest time to finish the computation. However, the results are of the same quality as the results for the mesh in Fig. 12(b) , which is computationally much more effective.
Conclusion
Within the framework of a V-MoM algorithm, a meshing scheme using a binary hierarchical mesh with multiple levels is introduced and investigated. It is shown that with the new meshing technique, a high resolution and accuracy can be combined without compromising calculation times. The technique uses the concept of half rooftops, which is concept that is not applicable for structures in the microwave and millimeter-wave range. 
